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ABSTRACT
We study diffusive shock acceleration (DSA) of electrons in non-relativistic quasi-perpendicular
shocks using self-consistent one-dimensional particle-in-cell (PIC) simulations. By exploring the pa-
rameter space of sonic and Alfve´nic Mach numbers we find that high Mach number quasi-perpendicular
shocks can efficiently accelerate electrons to power-law downstream spectra with slopes consistent with
DSA prediction. Electrons are reflected by magnetic mirroring at the shock and drive non-resonant
waves in the upstream. Reflected electrons are trapped between the shock front and upstream waves,
and undergo multiple cycles of shock drift acceleration before the injection into DSA. Strong current-
driven waves also temporarily change the shock obliquity and cause mild proton pre-acceleration even
in quasi-perpendicular shocks, which otherwise do not accelerate protons. These results can be used to
understand nonthermal emission in supernova remnants and intracluster medium in galaxy clusters.
Subject headings: collisionless shocks — particle acceleration — SNRs
1. INTRODUCTION
Non-thermal particles are ubiquitous in the Universe.
The acceleration of these particles is often associated
with collisionless shocks. For example, it is widely re-
garded that supernova remnant (SNR) shocks are respon-
sible for the acceleration of galactic cosmic rays (CRs)
up to the knee E ∼ 1016eV (e.g., Gaisser et al. 2016).
Evidence of electron acceleration in collisionless shocks
has also been provided by numerous in-situ observations
of high Mach number shocks in the heliosphere (e.g., at
Saturn’s bow shock by the Cassini spacecraft, Sulaiman
et al. 2015; Masters et al. 2017). The dominant accelera-
tion mechanism in astrophysical shocks is thought to be
due to the diffusive shock acceleration process (DSA, Bell
1978; Blandford & Ostriker 1978; Drury 1983; Blandford
& Eichler 1987), where particles gain energy by repeat-
edly crossing the shock while scattering off converging
magnetic perturbations on both sides. The final momen-
tum distribution f(p) is a universal power-law with in-
dex f(p) ∝ p−3r/(r−1), where r is the shock compression
ratio. For strong shocks with r = 4, the momentum
distribution follows f(p) ∝ p−4.
While DSA naturally produces power-law distribu-
tions, it works only for particles whose Larmor radius
is larger than the shock transition width, which is typ-
ically of the order of proton gyro-radius. One of the
most important questions in CR physics, known as “the
injection problem,” is how particles are extracted from
the thermal pool to participate in DSA. Achieving injec-
tion energy is more challenging for electrons due to their
smaller Larmor radii, compared to protons. Also, the
shock potential barrier is tuned to reflect upstream ions,
which hinders electron reflection (Caprioli et al. 2015).
Proton and electron injection for non-relativistic quasi-
parallel shocks, where the angle between the background
magnetic field and the shock normal is θ < 45◦, have been
studied with fully kinetic PIC simulations that show both
species successfully injected into DSA (Kato 2015; Park
et al. 2015). For quasi-perpendicular shocks (θ > 45◦),
proton acceleration and reflection into the upstream has
been shown to be inefficient without pre-existing up-
stream turbulence (Caprioli & Spitkovsky 2014; Caprioli
et al. 2015; Caprioli et al. 2018). In quasi-perpendicular
shocks with low sonic Mach numbers, electron scattering
was reported to be mediated by oblique electron fire-
hose instability driven by electrons reflected from the
shock (Guo et al. 2014a,b). Electron pre-acceleration was
also observed in perpendicular and quasi-perpendicular
multi-dimensional PIC simulations (Matsumoto et al.
2017; Bohdan et al. 2017). However, previous stud-
ies have not shown compelling evidence of DSA spectra
forming downstream of quasi-perpendicular shocks.
In this Letter, we study the formation of DSA power-
law f(p) ∝ p−4 for electrons downstream of quasi-
perpendicular collisionless shocks using 1D PIC simu-
lations. The simulations run long enough to demon-
strate successful electron injection into DSA in the ab-
sence of substantial proton acceleration. We show how
electrons are extracted from the thermal pool and in-
jected into DSA by scattering on electron-driven waves
in the upstream. Finally, we discuss the effect of sonic
and Alfve´nic Mach numbers of shocks on the downstream
electron spectra.
2. SIMULATION SETUP
We performed numerical simulations with the electro-
magnetic PIC code TRISTAN-MP (Spitkovsky 2005).
To enable long integration times, the simulation domain
is 1D along xˆ direction, retaining all components of fields
and velocities. The setup is very similar to previous PIC
simulations of collisionless shocks (e.g., Spitkovsky 2008;
Sironi & Spitkovsky 2011; Park et al. 2015). In order
to facilitate the analysis of upstream waves, the simula-
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Fig. 1.— Structure of quasi-perpendicular shock (θ = 63◦, Ms
and MA ∼ 60) at simulation time ∼ 10Ω−1cp (left panels) and
∼ 45Ω−1cp (right panels): (a-b) electron number density normalized
by the upstream value; (c-f) proton and electron x−px phase space
distribution f(px); (g-h) yˆ and zˆ components of the magnetic field
normalized by the background magnetic field; (i-j) downstream
electron and proton spectra, where the dashed lines represent ther-
mal Maxwellian distributions.
tions are performed in the upstream rest frame by mov-
ing the left conducting boundary wall into a stationary
plasma. The resolution of our reference run is 10 cells
per electron skin depth, c/ωpe, where c is the speed of
light and ωpe =
√
4pine2/me is the electron plasma fre-
quency (e, n and me are electron charge, number den-
sity and mass, respectively). The simulation domain
is enlarged by expanding the right boundary with time
to save computational resources, with the final domain
size reaching ∼ 3.5 × 104c/ωpe. We use 256 particles
per cell per species with a reduced proton-to-electron
mass ratio mp/me = 100. The wall velocity is fixed
at v0 = 0.15c. Upstream protons and electrons are as-
sumed to be in thermal equilibrium with temperature
Tp = Te = 4 × 10−4mec2. The corresponding sonic
Mach number is Ms = vsh/
√
γ(Tp + Te)/mp ≈ 55 for
adiabatic index γ = 5/3. The Alfve´nic Mach number
is MA = vsh/vA ≈ 63, where vA = B0/
√
4pin0mp is
the Alfve´n speed for the initial magnetic field, B0 =
B0(cos θxˆ+ sin θyˆ), inclined at an angle θ = 63
◦ relative
to the shock normal, so the shock is quasi-perpendicular.
3. RESULTS
Figure 1 shows the shock structure at time t ≈ 3.2 ×
104ω−1pe ≈ 10Ω−1cp (left panels) and at the final time
t ≈ 45Ω−1cp (right panels), where Ωcp = eB0/mpc is
the proton-cyclotron frequency. Electron number density
(Fig. 1a,b) is compressed by a factor of r ≈ 4 in the far
downstream region, as expected. The density overshoot
at the shock is attributed to gyrating protons undergoing
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Fig. 2.— (a) Normalized magnetic field in the upstream region,
with x coordinate measured relative to the shock ramp. (b) Fourier
transform of Bz in the same region. (c) Polarization angle χ of the
upstream wave, where χ = ±45◦ corresponds to right-(left-)handed
circularly polarized modes. The wave is left hand circularly polar-
ized and, thus, non-resonant with electrons. (d) Real (red line)
and imaginary (black line) part of the plasma dispersion relation
for the beam-plasma system, where the number fraction of the
beam is nb/n0 = 0.03 and the beam drift velocity is vdr = 0.35c.
The wavelength at the maximum growth rate roughly matches the
wavelength from shock simulations.
coherent motion (e.g., Leroy et al. 1981; Wu 1984). In
Fig. 1c-f, we show the proton and electron x− px phase
space distribution. Protons are reflected by the potential
barrier at the shock, but due to magnetic obliquity they
cannot escape far upstream (Fig. 1c). Unlike protons, the
reflected electrons can outrun the shock. The energy gain
during the magnetic mirroring at the shock ramp region
increases the projected velocity along the shock normal,
which can be larger than the shock propagation speed
(Ball & Melrose 2001; Park et al. 2013). The reflected
electrons preferentially move along the background mag-
netic field and contribute a net flux along the magnetic
field lines. The reflected electrons drive strong waves in
the upstream field which can scatter electrons back to
the shock (see Fig. 1g,h). Figures 1(i-j) show the down-
stream electron and proton spectra. We see electrons
successfully injected into DSA while protons only form a
steep non-thermal tail.
To study the nature of the electron-driven waves, we
perform Fourier analysis of the z-component of magnetic
field in the upstream region, as shown in Fig. 2b. We
see that the spectral energy density peaks at k ' 0.1 −
0.2ωpe/c. The reflected electrons are magnetized with
mean gyroradius smaller than the wavelength. Figure 2c
shows the wave polarization angle χ = 0.5× sin−1(V/I),
where I, V are the Stokes parameters for the two trans-
verse magnetic field components. The angle χ = ±45◦
corresponds to a right-(left-)handed circularly polarized
wave. We see that the wave is left-hand circularly po-
larized and, thus, non-resonant with electrons. The in-
stability responsible for driving upstream waves is very
similar to the electron heat flux instability studied in so-
lar wind physics (e.g., Gary et al. 1975; Saeed et al. 2016;
Lee et al. 2019). Electron heat flux can excite right-hand
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Fig. 3.— Electron trajectories in the space-time (left panels) and
the space-energy (right panels) plots. Both electrons are injected
into DSA after multiply cycles of SDA. The gray-scale color map
indicates normalized z-component of the magnetic field. The color
line indicates time, as in the legend.
polarized whistler waves and left-hand polarized firehose
waves depending on the speed of heat-carrying “beam”
electrons (Gary 1985; Shaaban et al. 2018). Larger veloc-
ities of beam electrons make them less resonant, inhibit-
ing the whistler heat flux mode and exciting the firehose
mode.
Guo et al. (2014b) studied firehose-mediated electron
acceleration in the low Mach number high-beta plasma.
While the difference between modeling the system with
a single bipolar distributed plasma and a thermal back-
ground with an electron beam is not significant for low
Mach number high-beta plasma, the two become more
distinct in shocks with higher Mach number and low
plasma beta, where the beam appears more separated
in phase space. Following Gary et al. (1975) and Stix
(1992), we computed the kinetic plasma dispersion re-
lation for a three-component plasma (beam electrons,
background electrons moving in the opposite direction
to enforce current neutrality, and background protons).
Similar analysis has been done for electron firehose in-
stability in high-beta intracluster shocks (Kim et al.
2020) and counter streaming electron beams (Lo´pez et al.
2020). Calling nb and n0 the beam and background num-
ber densities, we fix the number fraction of the beam
nb/n0 ' 0.03 and the average beam velocity along the
magnetic field vdr ' 0.35c, as measured for the electron
beam in our benchmark simulation. The beam electrons
are modeled as drifting Maxwellian with temperature 100
times the background electron temperature. We com-
pute the waves propagating obliquely to the background
magnetic field at angle θ = 63◦, which are the waves
that can propagate along the x-axis of our 1D simu-
lations. The firehose-type instability growth rate from
the dispersion relation is shown in Figure 2d. The lin-
ear analysis returns the fastest-growing wave with wave-
length k ' 0.1 − 0.2ωpe/c, which is roughly consistent
with the peak of Fourier spectrum of waves in the simu-
lation (Fig. 2a). While a small fraction of reflected pro-
tons is observed in the shock upstream at later times,
the current carried by protons is less than ten percent of
the electron current and does not affect the wave nature
significantly. Thus, we conclude that the waves in the up-
stream are firehose waves driven by returning electrons
via the heat flux instability.
In order to illustrate how electrons are injected from
the thermal pool, we track individual particles along
their trajectories in real space and momentum space.
Figure 3 shows the space-time and space-energy trajecto-
ries of two typical electrons that are injected into DSA,
with space-time trajectories overplotted on top of the
strength of magnetic component Bz, shown in grayscale.
The regular pattern in the downstream is due to advected
magnetic field compressions from periodic shock refor-
mations. Electrons are preheated in the shock foot and
reflected off the shock ramp due to magnetic mirroring
at time t ≈ 0.5 − 0.6 × 105ω−1pe . The preheating effect
has been attributed to the interaction with Buneman
waves at the shock leading edge via shock-surfing acceler-
ation (Amano & Hoshino 2009; Matsumoto et al. 2012;
Bohdan et al. 2017; Katou & Amano 2019). Between
t ∼ 0.6− 0.9× 105ω−1pe particles remain trapped between
the shock front and the upstream waves, generated by es-
caping electrons, and repeatedly undergo cycles of shock-
drift acceleration (SDA) at the shock. The interplay
between SDA and upstream wave scattering continues
to accelerate electrons and transitions to standard DSA
when electron momentum reaches pinj ≈ 30 − 80mec.
The transition occurs when electrons start to diffuse in
the upstream/downstream and the energy gain is from
the interaction with upstream/downstream waves in-
stead of the interaction with the shock ramp. The ac-
celeration process is very similar to electron injection in
non-relativistic quasi-parallel shocks (Park et al. 2015);
the major difference is that electrons are scattered by the
non-resonant waves driven by returning electrons instead
of returning protons.
Figure 4 shows the downstream electron and proton
spectra for different Mach numbers as a function of time.
The downstream electron spectrum is averaged between
200c/ωpe and 4000c/ωpe behind the shock ramp and is
multiplied by p4 to emphasize the expected DSA scal-
ing. Fig. 4i shows the downstream spectrum from our
reference run, where electrons develop a power-law tail
with spectral index 4, consistent with DSA prediction
(cf. Fig. 1j). In this case, electron acceleration is very ef-
ficient: the downstream number fraction of non-thermal
electrons1 is ηe ∼ 7%, with energy fraction εe ∼ 20%
by the end of the simulation. Also, the maximum elec-
tron energy grows roughly linearly with time and even-
tually exceeds the maximum energy of downstream ther-
mal ions. Similar to acceleration in quasi-parallel shocks,
electrons show a typical DSA spectrum even in the range
of momenta where they undergo SDA, indicating that the
balance between energy gain and escape probability per
cycle is more similar to DSA than to SDA (Park et al.
2015). Downstream protons are mostly thermal with a
steep non-thermal tail, which is caused by the strong
electron-driven upstream waves that temporarily change
the shock obliquity and allow a small fraction of protons
to escape into the upstream. These protons are eventu-
ally advected downstream and form a steep spectrum.
Figures 4a-h show the same spectra as Fig. 4i but
for different Ms and MA. In these simulations, the left
wall velocity is fixed at v0 = 0.15c, and we change Ms
1 We define non-thermal electrons as electrons with energy
larger than five times the energy of the downstream thermal peak.
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Fig. 4.— Downstream electron and proton spectra as a function of time for different Ms and MA for quasi-perpendicular shocks with
angle θ = 63◦ and mi/me = 100. The spectrum is multiplied by p4 to emphasize the scaling law expected in DSA. The color lines
indicate time, as in the legend. The number fraction of non-thermal electrons ηe at the end of the simulations, and the level of upstream
magnetic fluctuations δB/B0 are shown at the top right corner of each panel. Only shocks with M  1 are able to produce large amplitude
fluctuations with δB/B0 > 1, and in these cases electrons are injected into DSA after multiple cycles of SDA and scattering of upstream
waves.
by varying the plasma temperature and MA by vary-
ing the background magnetic field strength. All other
parameters are as in our reference run. We see that
electrons are injected into DSA in high Mach number
quasi-perpendicular shocks (with both highMs andMA).
For shocks with low Ms or MA, reflected electrons also
gain energy via SDA and contribute a similar upstream
current but do not enter DSA at the end of the simu-
lation. The acceleration efficiency depends on whether
the reflected electrons are able to drive waves of large
enough amplitude in the upstream. The amplitudes of
upstream magnetic fluctuations near shocks for differ-
ent Mach numbers are shown in the top right corner of
each panel in Fig. 4. Large Mach number and especially
large MA shocks are able to drive strong upstream mag-
netic fluctuations with δB/B0 > 1, which are respon-
sible for the scattering of reflected electrons (here, δB
is calculated based on the peak value of magnetic fluc-
tuations in the upstream). For low MA shocks in hot
plasma (e.g., Fig. 4a), downstream electron spectrum
develops a non-thermal SDA tail. Due to the small am-
plitude of upstream waves, we do not observe electron
injection into DSA at the end of the simulation. The
threshold of the electron firehose heat flux instability fol-
lows vdr/vA = λ
√
mi/meβ
κ, where β is the background
plasma beta, and λ > 0, 0 < κ < 0.1 are constant fit-
ting parameters (Shaaban et al. 2018). We see that it
is easier to trigger the instability at lower vA and lower
plasma beta (i.e., lower temperature). Hence, the heat
flux instability favors large Ms and MA shocks. Indeed,
we see weak waves in low Mach number shocks, and the
amplitude of the waves increases with both MA and Ms,
but depends stronger on MA. The onset of the insta-
bility also depends on the ion/electron mass ratio. For
realistic mass ratio, the extrapolated MA needed for elec-
tron injection into DSA may be even higher, consistent
with Mach numbers of several hundred expected in SNR
shocks.
In addition to Mach numbers, the efficiency of electron
acceleration also depends on the shock obliquity, and is
much higher in quasi-perpendicular shocks compared to
quasi-parallel shocks. In the quasi-perpendicular shocks
presented in this Letter, ηe ∼ 0.7% for Mach number
∼ 30 (see Figure 4e), while for quasi-parallel shocks most
of the energy goes into accelerated ions and ηe . 0.1%
for Mach number ∼ 20 (see Fig. 4 in Park et al. 2015).
Such higher acceleration efficiency can be attributed to
the magnetic mirror effect: electrons are more effectively
reflected to the upstream in quasi-perpendicular shocks
compared to quasi-parallel shocks, where the mirror-
ing of electrons is mediated by the upstream turbulence
driven by reflected protons. Also, at higher magnetic
inclinations electron DSA has to vanish when obliquity
approaches superluminal shocks because fewer particles
can outrun the shock; we expect the optimal obliqueness
angles for electron acceleration to lie between 60◦ and
70◦. The critical superluminal angle becomes smaller as
shocks become relativistic, vsh → c.
4. SUMMARY AND DISCUSSION
We can use these findings to interpret the morphology
of nontermal emission from supernova remnants. Some
SNRs (e.g., SN1006) show bilateral symmetry in their
synchrotron emission, which is understood as being due
to pre-existing large-scale magnetic field in the remnant
(e.g., Reynoso et al. 2013). In regions where the shock
is quasi-parallel, ions are effectively injected into DSA
and drive prominent magnetic field amplification with
δB/B0  1, but ηe may be . 0.1% (Crumley et al.
52019; Park et al. 2015); in these quasi-parallel regions
electrons can be accelerated to multi-TeV energies, which
results in non-thermal X-ray emission. In regions where
the shock is quasi-perpendicular, instead, ions are not in-
jected and the magnetic field is not effectively amplified;
electron acceleration can still occur with ηe ∼ 5 − 7%,
as in our calculations, but up to smaller energies than in
quasi-parallel regions, since δB/B0 & 1. This is consis-
tent with the fact that quasi-perpendicular regions are
radio-bright but not X-ray bright (Caprioli 2015; Vlasov
et al. 2016). Overall, the relative radio brightness be-
tween parallel and perpendicular regions is determined
by both ηe and δB/B0.
An important result of this study is the existence
of shocks that preferentially accelerate electrons and
not ions. This helps to reduce the tension of non-
detection of hadronic gamma-ray emission in galaxy
clusters: the electrons responsible for the observed ra-
dio emission could be efficiently accelerated in high
MA quasi-perpendicular shocks, which do not efficiently
accelerate protons. This would suppress secondary
hadronic gamma-ray production. Upstream fluctuations
are weaker for high MA, low Ms shocks, which are
commonly found in clusters of galaxies (Markevitch &
Vikhlinin 2007). According to our simulations, such
shocks accelerate electrons at a lower rate, with steep
power-laws. However, these shocks reflect electrons
into the upstream at nearly the same rate as high Ms
shocks. Thus, we expect that even these weaker up-
stream waves may be sufficient to eventually inject elec-
trons into DSA on substantially longer timescales. This
could explain the observations where relativistic elec-
trons produce radio “relics” in galaxy clusters, in struc-
tures that have inferred quasi-perpendicular magnetic ge-
ometry (van Weeren et al. 2010; Ackermann et al. 2014;
Brunetti & Jones 2014).
Although 1D PIC simulations allow us to study the
long-term evolution of quasi-perpendicular shocks and
to see eventual DSA spectrum formation, the applicabil-
ity of 1D simulations to real systems needs to be justi-
fied. For example, 1D simulations limit the kinds of wave
modes that can be captured when background field is in-
clined to the x axis. This, however, is largely remedied
by the fact that the dominant wave mode driven by the
returning electrons is oblique in nature. To demonstrate
this we performed a 2D periodic PIC simulation of an
electron beam propagating along the magnetic field in
the plane of the simulation (Figure 5). We initialize a
static background and beam plasma with the same pa-
rameters as in our linear analysis. The current is com-
pensated by moving the background electrons in the op-
posite direction. Left panel in Figure 5 shows the nor-
malized Bz component at time T ∼ 1.3×104ω−1pe . We see
that the dominant waves are indeed oblique to the back-
ground magnetic field that is pointing along xˆ. Right
panels show the Fourier transform of the magnetic field
and polarization along the direction 63◦ relative to the
xˆ direction, denoted by the black dashed line in panel
(a). Both the wavelength and polarization are similar
to the waves observed in our 1D shock simulation and
in the linear analysis, indicating that 1D shock simula-
tions do capture the most essential wave properties in
the upstream of quasi-perpendicular shocks.
The results of 1D shock simulations should be fur-
ther verified in multi-dimensions. Typically, multi-
dimensional simulations allow for larger variability of
magnetic inclination at the shock (e.g., due to shock cor-
rugation), and this can reduce the average efficiency of
electron injection. To test this, we measured electron
reflection in a short 3D shock simulation with the same
parameters as our fiducial 1D runs (and transverse size
of 50 × 50(c/ωpe)2). Figure 6 shows the comparison of
upstream electron spectra for 1D and 3D PIC simula-
tions at time T ∼ 3Ω−1ci . We see the electron reflection
efficiency in 3D is lower but only by a factor of few com-
pared to 1D simulations, which indicates that 1D simu-
lations can capture the relevant range of reflectivities of
3D quasi-perpendicular shocks. We thus expect that the
salient features of electron reflection, wave generation,
and power law formation that we see in 1D will persist
in future long-term multi-dimensional studies. The com-
parison with 1D simulations should be done with suf-
ficiently large number of particles per cell to avoid ar-
tificial cooling of high-energy electrons due to discrete-
ness effects in PIC simulations (Kato 2013). In addi-
tion, most of our simulations were done with an artificial
mass ratio of 100. We have done limited simulations
at mi/me = 400, and find that the early properties of
shocks, including the reflected electron fraction, are not
sensitive to the mass ratio. However, higher mass ratio
simulations require higher Alfve`nic Mach numbers in or-
der to drive the upstream waves with electrons and reach
the injection into DSA. These issues make a proper com-
parison with 1D simulations quite challenging numeri-
cally, and we plan to present this in an upcoming study.
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Fig. 5.— 2D periodic PIC simulation for the beam plasma sys-
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the dominant mode is oblique to the background magnetic field;
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